Two-cardinal combinatorics, guessing
models, and cardinal arithmetic

Chris Lambie-Hanson

Institute of Mathematics
Czech Academy of Sciences

Advances in Set Theory 2022



This talk is about joint work with Sarka Stejskalova.



I. Introduction




Two-cardinal lists

Definition

Let x < X\ be uncountable cardinals.



Two-cardinal lists

Definition

Let x < X be uncountable cardinals. A & A-list is a sequence
D = (dy | x € #:\) such that dy C x for all x € 2.



Two-cardinal lists

Definition

Let x < X be uncountable cardinals. A & A-list is a sequence

D = (dy | x € #:\) such that dy C x for all x € 2.

A cofinal branch through D is a set b C A such that, for all

x € P\, thereisay € P\ such that y O x and bNx = d, Nx.



Two-cardinal lists

Definition

Let x < X be uncountable cardinals. A & A-list is a sequence

D = (dy | x € #:\) such that dy C x for all x € 2.

A cofinal branch through D is a set b C A such that, for all

x € P\, thereisay € P\ such that y O x and bNx = d, Nx.
An ineffable branch through D is a set b C \ such that the set
{x € Z.\| bNx = d,} is stationary in Z, \.



Two-cardinal lists

Definition
Let x < X be uncountable cardinals. A & A-list is a sequence
D = (dy | x € #:\) such that dy C x for all x € 2.

A cofinal branch through D is a set b C A such that, for all
x € P\, thereisay € P\ such that y O x and bNx = d, Nx.

An ineffable branch through D is a set b C \ such that the set
{x € Z.\| bNx = d,} is stationary in Z, \.

Theorem

Suppose that k is an uncountable cardinal.



Two-cardinal lists

Definition
Let x < X be uncountable cardinals. A & A-list is a sequence
D = (dy | x € #:\) such that dy C x for all x € 2.

A cofinal branch through D is a set b C A such that, for all
x € P\, thereisay € P\ such that y O x and bNx = d, Nx.

An ineffable branch through D is a set b C \ such that the set
{x € Z.\| bNx = d,} is stationary in Z, \.

Theorem
Suppose that k is an uncountable cardinal.

® (Jech, 1973) k is strongly compact if and only if, for all
A > K, every (k, A)-list has a cofinal branch.



Two-cardinal lists

Definition
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D = (dy | x € #:\) such that dy C x for all x € 2.

A cofinal branch through D is a set b C A such that, for all
x € P\, thereisay € P\ such that y O x and bNx = d, Nx.

An ineffable branch through D is a set b C \ such that the set
{x € Z.\| bNx = d,} is stationary in Z, \.

Theorem
Suppose that k is an uncountable cardinal.

® (Jech, 1973) k is strongly compact if and only if, for all
A > K, every (k, A)-list has a cofinal branch.

® (Magidor, 1974) k is supercompact if and only if, for all
A > K, every (K, \)-list has an ineffable branch.
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(SP(u, k, A) = every u-slender (k, A)-list has a cofinal (ineffable)
branch.
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Suppose that p </ <k < X and D is a (k, A)-list. Then

D is thin = D is u'-slender = D is u-slender.
As a result,
(DSP(, k5, A) = (NSP(i/, &, A) = (1) TP(k, A).
If Kk <X <N, then
(NSP(u, k, X') = (1)SP(p, 5, A) and ()TP(x,\) = ()TP(x, \).
If k is inaccessible, then every (k, A)-list is thin.

Theorem (WeiB, 2012)

If k is supercompact, then, in the extension by the Mitchell forcing
M(w, k), ISP(w1, w2, >w2) holds.
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Suppose that | < k are regular uncountable cardinals. TFAE:
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(Viale-WeiB, 2011) PFA = ISP (w1, wa, >w).

(WeiB, 2012) ITP(x, A) = =0(X) (even =O(A, <k)).
(Viale, 2012; Krueger, 2019; Hachtman, 2019)
|SP(W1,WQ, ZWQ) = SCH.

(Cox—Krueger, 2017) ISP(w1, w2, w2) = —wKH.

(Cox—Krueger, 2016) ISP (w1, w2, >w2) is compatible with any
possible value of the continuum >ws.

Much of our work arose from questions about the optimality of
these results and the extent to which consequences of various
instances of ISP or ITP can be obtained from weaker principles.

We are especially interested in removing the requirement of
ineffability from the hypotheses.
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Y={Me P2HA\T) | cf(sup(MNA)) > x}, and

WAGPy(k, k, H(AT)) holds. Then there are no subadditive
strongly unbounded functions c : [A\]?> — x. In particular, =CJ()).
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In “The combinatorial essence of supercompactness’ (2012), WeiB
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is strongly compact, then SP(u™, u™*, >u™) holds in the
extension by the Mitchell forcing M(u, k). We have been unable to
verify this; our attempts to do so were the primary impetus behind
introducing the “weak” versions of AGP and SP.

Theorem

Suppose that i < k are regular cardinals, with r strongly compact.
Then, in the extension by M(p, k), wWAGP(ut, u™*, H(6)) holds
for all regular @ > p*+. Moreover, if AC [u™",0] is any set of
regular cardinals and |A] < pt ", then wAGPy(u™, ™1, H(0))
holds, where Y is the set of M € &,++H(0) such that
cf(sup(MNv)) = u™ forallv € A.
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Definition

Suppose that x < A are infinite cardinals. Then the meeting
number m(x, A) is the minimal cardinality of a family Z C [\]X
such that, for all x € [A]X, there is z € Z such that [x N z| = x.

The meeting numbers of primary interest are those of the form
m(cf(\), ) for singular X. A routine diagonalization shows that
m(cf(\), \) > A for singular A.

Theorem (Matet, 2021)

The following are equivalent:
1 Shelah’s Strong Hypothesis, i.e., pp(\) = AT for all singular \;
2 m(w,\) = AT for all A\ > w = cf()\);
AT ifF A > x = cf(\
3 m(x,A) = T Te 2
A otherwise.
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Fact
Suppose that X is a singular cardinal with cf(\) = x. Then there is
a matrix D = (D(i,8) | i < x, B < AT) such that
e forall 3 < \T, (D(i,B)|i < x) is C-increasing and
Uicy DU, B) = B
e foralla< B <\t andalli<y,ifae D(i,3), then
D(i,a) € D(i, B);
e forall B < AT, there is i < x such that D(i,3) contains a
club in (3;
e forall i < x and B < \*, we have |D(i, B)| < \.

Let us call such a matrix a covering matrix for \*. Covering
matrices were introduced by Viale in order to prove that PFA
implies SCH.
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A key lemma

Given a “small” set X C A", we will be interested in looking at its
“traces” in a covering matrix D, i.e., sequences of the form

(XN D(i,B) | i < x) for some fixed 3 < AT, and examining how
these traces change as [ varies.

Lemma

Suppose that X is a singular cardinal of cofinality x and

D =(D(i,B)|i<x, B<A") isa covering matrix for \*. Then
for every X € P \\T, there is yx < A\ such that, for all

B € AT\ vx and all sufficiently large i < x, we have

XND(i,B) =XND(i,vx).

This was previously known only under the additional assumption
that 21X < ),
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Suppose that D = (D(i,8) | i < x, 8 < AT) is a covering matrix
for A*. Then CP(D) is the assertion that there is an unbounded
A C AT such that, for every x € [A]X, there are i < y and B < AT
such that x C D(i, ).

Observation (Viale)

Suppose that A > x = cf(\), pX < X for all 4 < A, and CP(D)
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Observation

Suppose that A > x = cf(\), m(x, u) < A for all p < A, and
CP(D) holds for some covering matrix D for A™. Then
m(x,\) = AT,
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SCH and SSH

Theorem (Viale, 2012, Krueger, 2019, Hachtman, 2019)

ISP(w1, w2, >w2) implies that CP(D) holds for every singular
cardinal A > 2“ of countable cofinality and every covering matrix
D for \T. It therefore implies SCH.

Theorem

Suppose that, for every regular 6 > wa, wWAGPy) (w2, wa, H(0))
holds, where Y is the set of M € Z,,,H(0) such that, for every
singular cardinal A\ € M and every x € [M N \]¥, thereisy € M
such that x C y and |y| < \. Then CP(D) holds for every singular
cardinal \ of countable cofinality. In particular, SSH holds.
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restrictions on the value of 2“ beyond 2“ > w;. However, it does
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Lemma
Suppose =wKH holds. Then 2“1 = m(w1,2%).

Proof sketch.

Let Z C [<12]“1 be such that |Z| = m(w1,2¥) and, for every

X € [S¥12]“1, there is z € Z such that [x N z| = w;. For each

z € Z, let T, be the downward closure of z in <*12. Then T, is a
tree of height and size < wjq, so it has at most wi-many
uncountable branches. By the properties of Z, each b € “12 is an
uncountable branch through some T,. There are only

wy - m(wi,2¥) = m(wy,2*)-many such branches. O
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Lemma
Suppose =wKH. Then 2“1 = m(wy,2¥).

Corollary

Suppose that, for every regular 6 > wy, wWAGPy (w1, wa, H(0))
holds, where Y is as in the statement of the previous theorem.
2 ifef(2¥) # wy

(2t ifcf(2¥) = w.

In particular, this holds under ISP(w1, w2, >w?).

Then 2%t = {
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Narrow systems and SCH

In light of the fact that ISP(w2, w2, >w>) (or even, as we have
seen, a variation of SP(wy,ws, >w>)) implies SCH, it is natural to
ask whether, e.g., (I)TP(w2, >w>) does the same.

In the context of the study of the (classical) tree property, the
concept of a narrow system is important, particularly at successors
of singular cardinals. The prototypical proof that the tree property
holds at the successor of some singular cardinal A goes through
two steps:
1 Prove that every AT-tree has a narrow subsystem of height
AT
2 Prove that every narrow subsystem of height A* has a cofinal
branch.

The notion of narrow system can be generalized to the &2, \
setting.
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Definition
Let x < X be uncountable cardinals, with « regular. A
P A-system is a structure S = (S | x € P, \) such that
e for all x € P, \, we have S, C Z(x);
® forall x C yin P\, thereis t € S, such that t N x € S,.
The width of a & A-system S is

width(S) = sup{|S«| | x € Z\).

We say that S is a narrow 2, A-system if width(S)* < k.

A cofinal branch through S is a subset b C X such that, for
cofinally many x € &\, we have bN x € S,.

Let NSP(Z;\) be the assertion that every narrow 27, A-system
has a cofinal branch.
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Again, proofs of TP(x, ), particularly when & is the successor of a
singular cardinal, can often be viewed as going through the
following two steps:

1 Every (k, A)-list gives rise to a narrow &, \-system.
2 Every narrow &, \-system has a cofinal branch.

As far as | can tell, NSP(Z2.;\) holds in every known model of
TP(k, A), though it is unclear whether (1)TP(x, \) implies
NSP(x, ). (But, e.g., GMP(wz, w2, AT) does imply NSP(Z2,,,))).

NSP(Z,; ) is also generally easier to arrange than TP(x, A).

Theorem

Suppose that there is a proper class of supercompact cardinals.
Then there is a class forcing extension in which NSP(Z2,\) holds
for all uncountable k < )\ with k regular.
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Proof sketch.

Let D= (D(i,B) | i < x, B < AT) be a covering matrix for A".
Recall that, for each x € Z.\T, v« < AT is such that, for all

B € AT\ 7« and all sufficiently large i < x, we have

x N D(i,B) =xN D(i,vx). Define a narrow &, A\-system

S = (5| x € P.A) by letting S :={xN D(i,7) | i < x} for all
x € P.\. Then a cofinal branch through S gives rise to an
unbounded A C A" and an i <  such that, for cofinally many

x € P\, ANx = D(i,7x). In particular, A witnesses CP(D). O
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Theorem

Suppose that x < xT < k < X are cardinals such that cf(\) = ¥,
K is regular, and NSP(Z,\T) holds. Then CP(D) holds for every
covering matrix D for AT,

Corollary

Suppose that k > wo is a regular cardinal and NSP(Z;\) holds for
all A\ > k. Then SCH holds above k.
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Thank you for your attention.




